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V (abstract )

Matrix Linear transformation
Mmm : ☒

"

→ Bm T : V→wm
✗→ Y=Mm×n - ✗

Finite dimension in both courses
-



§ Vector spaces

Notation :
☒ = set of real numbers
① = Set of complex numbers +

,

-

.
✗
. /

to
f- = Rt or 6 Generally , F denotes a field)

Def : A vector space over F is a set equipped with two operations .

- addition
.

1- : Vx V→ ✓ ix.g) → x→+y→
.

- Scalar multiplication •
: F ✗ V → V la

.
I ) → ax→

satisfying the following properties :



(VSI) ☒ + y→=y→+x→ VI. 5
>
c- V (Comm .

)

about ☒ 2) * +F) + I =✗→tly→+É) VI. 5) E' c- V. Cass . )

+ 3) .

7- J
>

c- V Sit
. I

' -18=5
'

FI> c- V. Czew)

say V-IC-V.7-JC-VS.to . ×→ty→=o→ ( inverse )

( V55) 1. ☒ =x→ HI> c- V. Innit,ah!+{ ☒ b) Lab)✗→=aCbÑ )V-a.be/=.ItV.Casso.o.1lVs7)alI+y-')--aI+ay-'V-ac-F.x?y-c-V.Cdist
. )"* { ( V58) (atb)✗→=ax→ -1b¥ V-a.be/--.IeV.Cdist.1



Examples :

• fh-fcxi.in/n):XjtFforj=li.;n3f
(Xi
,

- - -

,
Xu) 1- (Y , ,

-
-
.

, yn) : = (Xity , ,
- -

-

, Xntyn)
A- ( X.

,

. - .

. Xu) : = ( GX , , GXZ .

.
- '

,
axn)

• Mm×n(F)={mxnmatniesw/entriesinF
w/ matrix addition and scalar multip .

• É=iswfF} .

also denoted f- Ex]
.

w/ poly addition and scalar multip .



• pncfj.si/olyw/wejfinFwithdegree--#-
• Let S be any nonempty set .

Then T-cs.FI/--ffunitimf:S-F, also denoted FS
is a vector spae orev F :

4-+ g) Cs) := fess + gcs) ; @f) a) = a.fess lfses
.

• F°={C%K,---):XjtFVjz12.--.}={sef.ofelt.in



Non - Examples :

• ☒- { 03 O
'

:#• first quadrant of It .

inverse

• { poly w/ west in F. degree __ n > o } 1×4+-1×411=1
• F- ① , V=☒i

equipped with c. I := lctx-Vs8Ji@tbJ.I-aI-ib.x'

Iatbltlaltlbl ingeneral !



Proposition : Let V be a vector space over F. Then

(a)
.

The element 8 in (vs 3) is knife .

Called the Zero vector in V.

(b) KIEV , the element I
>

in Cvs 4) is unique ,
called the additive inverse of I. and denoted as - I

.

e) I' + É=y→+z→ ⇒ I'=y→ (cancellation law)
.

(d) 0.5=8 KIEV
.

(e) a. 8 = 8 b- a c- F.

(f) C-a)* = - = atx) f- a c-F
,

I' c- V.



Plf (a)
. If 8. E' c-V are two Its satisfying ✗S3)

then 8--8+07=8
.

(b)
.

Given I' c- V. Suppose we have Y→.y⇒tV satisfying Cvs4) .
Ie
, ✗→ty→=É=×→+y→'

⇒ y→=y→+ñ=y→+*Éy→_Éyi=o→+yT=yi
④ . I'+7=7+7 ⇒ I+&¥ÉD=y→+¥ÉÑ⇒✗→=y→
(d)

.

05=(0+0)-5--05' -10nF ⇒ OF
>=P

.

\

(e) . (f) are left as exercises
.

☐



§ Subspaces .

Def : W is a subspace of a vector space V. if
d) We V.

G) .

W vector spae with the same + and •

.

Instead of checking 8 axioms , only need the following .

Prof Let V be a vector space .

A subset WCV is a subspace
if the following 3 Conditions hold for the operations defined on V.

(a)
.

Ñ c- W
.

(b)
.

I' + y→ G W HI, JEW .
(closed under addition)

cc) .

AI c-W ta c- f- and I
>
c-W

.

(closed under scalar Mutt . )



¥ (⇒)
. tf Wav is a subspace , then (b) and e)
must hold because the operations are well-defined on W .

Also
,

W has a Zero vector Ñw
.

But then Ew + Fw = Ew in V.
⇒ OF =I

.
the Zero vector in V

.

(⇐ ) If (a) - e) hold ,
then + and • are well-defined on W .

as 3) follows from (a)
Us D. Cvs 2) , v45- vs 8) hold for V. So they hold for W .

It remains to check Us 4)
Let I' now

.

then -I
'
c- V

.

But -I' = C- 1)I c- W by e) . ☐



Exempts trivial subspace
£

• For any vector space V. 98} CV
.

and Vav are subspaces
• Consider V=F "

.

Then any system of linear equations
Aix , -1 -

.
. tainXu = b.

{ Where aij , biff
-

-

-

,

Amat - . - +4mn Xn=bn
Solution set Sav is a subspace at F

"

if b-
'
= 0

.

(⇒): Ots ⇒ 5--0
.

(E) : Hi, " ;K) .
Hi ; -

; Yn) → txiyi, - - ;Xn+Yn) sod



• for ✓= Nlnxn (F) .

W ,
= { diagonal matrices } CV .

We { A- c- Man 4=1
;
treat⇒ } where trial :=÷gaii

are subspaces .

• Pncf) subspace of PCF )
• For f- FCB

. B) = { B- valued functions on B }
C. (B) = { Continuous functions } c. ftp..PH is a subspace .



What happens token and intersecting of subspace ?

PMI Any intersection of subspaces of a vector space ✓
is a subspace of V.

p¥ Let { Wil iii. be a collection of subspaces of V.

Set W=A Wi
• Sine F c- Wi

"I

lfiif
.

We have PEW
.

• For I. Jew, we have Ti
, Y' c-Wi fi c-I .

⇒ I'+jeWi f ie I .

⇒ Ñ+y→ c- W
.

• For I' c-W and aef a✗→e Wi since I' c-Wi Vic- I .
⇒ añ

>
c- W

. ☐



Union of subspaces is generally not a subspace .

Wa not closed under addition
.

¥> ¥+5

0→ñ Wi

Def - Wl
, Wz subspace of V. Sum of Wi and Wa is

W ,
+WE { I'+8 : XIN , , Je wa}

is a vector subspace
• When Win Wz = to } .

the above is called direct sum
,

denoted W . ④ Wz
.



§ Linear combinations and span

Def Let V be a vector space over f- , SCV is a nonempty subset .

• A vector Ñ c-V is a linear combination of vectors of g
← 151=0 possible

if 7- UT , - - -

,
ñi c-S and a

,
,

- - .

.

an c-F .

Sit
.

v→= GUT -
- - + Antti

.

← coefficient
• The span of S , denoted span (5) , is the set of

all linear Combs of vectors of S .

span (5) : = {quit . . . +anui : ajc-f.ly?c-Sforj--l.--;n}



Remark :
- All linear arbitration contain te_¥fii terms !

- Convention : tf 5=01 . spank :={ o}
.

yjth.LT#es
.

. f-
"
= span { éi . - - in } where ej

? -10
,

. . 1
,

- -

o)

• 1- c- span { fix! 1- ✗
'

} but ✗ ¢ span {HI, hi }

• Mad F) = span / ( boo)
,

I :D
.
(
°

, 8)
,

( °o°, ) }
• PLF)= span { 1.x .

×? - -
. } T÷Xi=l -1×-1×4 . - . 4pct )



Theorem : Let SCV be a subset of a vector space ✓ over F.
-

Then span (5) is theLetter of ✓ containing
S

.

1¥ If 5=4 ,

then spank)={ o } .

Supposes -1-9 .

• Let ÉES
.

Then 8=0 . É c- Span (5)
.

• 4- I. y→ c- Spans ) . then we can write
×→=añ>+ - " +amuñ and y→=b,v?+ .

. .+bnv¥Y?Where UT , - - .tn?vT...;V-nc-S.a..--..ambi.--..bnC-F.Subtphll .

So ✗→+y→= a,uT+ . . - + amñmtbivit .
- .bnÑ C-Span ( S) .

• V-cc-F.CI = ¢aDuT+ . .
. + (can)Um→ c- Spanos)



Now let WCV subspace containing S .

Want to show

spaniS7@Letxc-spancS7.Wecan write E- aint -1 -
- - tamum

,
UT; - ; units

.

As So W
,

Ñi
,

- -

. .hn?c-W
.

Closed under addition ol

f scalar malt
.

As W is a subspace .
We have F- quit . .

- tamam GW .

Hence Sparks) - W .

⇒ spans ) the smallest subspace containing S .

12
.



Def A subset Sav spans (or generates) V it spans)=V .

We also say
S is a spanning set Cor generating set ) for V.

← ith
e.g.

. { éi
,

- -
-

,
Ei} spans F

"

.

ei-toi-1.e.ro)

• 91,1×3 - -
. } spans PCF)

• FCA ,☒ ) or CHIN hard to describe an explicit spanning set
A- valued f-

"

on Rt cont . f-unit .
{tix ,Ñ

,

-

-

,
Sin
,
Cox
,
tux

.

.
-
. }


